Ricci fall-off in static, globally hyperbolic, non-singular spacetimes by Garfinkle, D & Harris, S G




Abstract. What restrictions are there on a spacetime for which the Ricci curvature
is such as to produce convergence of geodesics (such as the preconditions for the Sin-
gularity Theorems) but for which there are no singularities? We answer this question
for a restricted class of spacetimes: static, geodesically complete, and globally hy-
perbolic. The answer is that, in at least one spacelike direction, the Ricci curvature
must fall o at a rate inversely quadratic in a naturally-occurring Riemannian metric
on the space of static observers. Along the way, we establish some global results on
the static observer space, regarding its completeness and its behavior with respect
to universal covering spaces.
1. Introduction
The Ricci curvature of a spacetime is what is used to drive the Singularity
Theorems of Hawking and Penrose [1,2]. Essentially, if Ric along a geodesic has a
positive lower bound, then a conjugate point must occur on the geodesic within a
certain length [3,4]. However, in a globally hyperbolic spacetime timelike-related
points must be joined by maximal geodesics (no conjugate points). One can then
obtain a contradiction if Ricci curvature is suciently large and all geodesics are
complete.
So suppose we disallow singularities|assume geodesic completeness|but keep
global hyperbolicity: What is forced to happen? Just how must the Ricci curvature
behave?
To simplify matters, we shall also assume a static spacetime. The energy con-
dition we shall use is the null energy condition: Ric(N;N)  0 for all null vectors
N .
In section 2 we prove some results about the space of static observers. Section 3
contains our result on the behavior of the Ricci tensor. In section 4 we discuss the
nature of this result and consider two examples of the behavior of the Ricci tensor
in spacetimes satisfying our conditions.
2. The space of static observers
Our spacetime M comes equipped with a eld of distinguished observers, the
static observers (i.e., the integral curves of the timelike Killing eld); this amounts
to a one-dimensional foliation of M . Any foliation F of a manifold M gives rise to
the leaf space Q, the quotient of M by the equivalence relation of two points being
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observer worldlines; the space Q of static observers is the most natural object to
use for analyzing the geometry of M .
Geroch [5], in the context of a stationary spacetime, introduced the notion of
examining the observer space Q. In the general stationary spacetime, there is no
guarantee that Q is even remotely well-behaved topologically (it can be totally
indiscrete!). However, it is shown in Harris [6] that a chronological stationary
spacetime must have an observer space that is almost a manifold: locally Euclidean,
but possibly not Hausdor.
In order to show that Q is fully a manifold (i.e., that it is Hausdor), all we
need do is show that the Killing eld U is a complete vector eld [6]. It is shown in
Proposition 9.30 of O'Neill [7] that geodesic completeness implies completeness of
the Killing eld. However, we want to use the weaker condition of either timelike
or null geodesic completeness. We now show
Lemma 1. Let (M;g) be a stationary spacetime that is timelike or null geodesically
complete. Then the Killing eld is complete.
Proof. For any point p let 
p
be the integral curve of the Killing eld U for which
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) be the maximum interval on which this curve is dened.
Let q be a point not on 
p
such that there is a timelike (respectively, null) geodesic
from p to q and also from q to a point p
0
6= p on 
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0
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
0
(0) = p and 
0
(1) = q. Let X be the tangent vector to 
0
at p and extend X
along 
p
by [X;U ] = 0; note that since U is Killing, its ow is an isometry, so
X is timelike (respectively, null) at all points. Now let 
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); but, since p
and p
0





=1. It follows that U is complete. 
Now using the results of [6] we have
Theorem 2. Let M be a timelike or null geodesically complete, chronological, sta-
tionary spacetime. Then the space Q of stationary observers is a (Hausdor) man-
ifold. 
The observer space Q tells quite a lot about the topology and causal structure
of M : It contains all of the information on the \spacelike topology" of M . This is
so in a rather strong sense:
Theorem 3. Let M and Q be as in the previous theorem. Then M is dieomorphic
to QR. Furthermore, for any edgeless, achronal, embedded spacelike hypersurface
N in M , N must be dieomorphic to Q.
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Proof. Let  : M ! Q be the projection to the orbit space, making M a smooth
line-bundle over Q (the dierentiable structure on Q comes from local identication
with a cross-section in a ow-box for the Killing eld). Since the basespace Q is a
(Hausdor) manifold, the bundle has global cross-sections, andM is dieomorphic
to QR (see, for instance, [10], Theorem I.5.7). Let N be a spacelike hypersurface
inM . We will see that , restricted to N , provides a dieomorphismwith Q, under
the right circumstances.
Since N is spacelike and of the same dimension as Q and is a manifold without
boundary, and 

kills only timelike vectors, (N) must be an open subset of Q.
With N achronal,  must be injective on N ((x) = (y) implies there is a Killing
orbit from x to y, which is a timelike curve between the two points). It follows
that  provides a dieomorphism from N to its image in Q; we need only see how
N being edgeless makes this image all of Q. Since N is assumed embedded and
achronal, the easiest way to formulate \edgeless" is to take N to be closed in M .
Since (N) is open, we need only prove it closed (Q is connected, being the







2 N . Pick a point p in  = 
 1
(q), the Killing orbit
corresponding to q. Let P be a cross-section through p of the Killing-eld foliation.
Let 
n
be the foliate corresponding to q
n
; then each 
n
intersects P in precisely
one point p
n
. Let each 
n












) for some t
n
. Another way to formulate that is in terms of the R-action






, where s  y denotes movement
along the Killing orbit through y by parameter-value s.
All we need do now is show that the ft
n
g have an accumulation point t, for then
x = (t) = t  p will be a limit point of the x
n
, so x 2 N and q = (x) 2 (N). But
the only way for the ft
n
g to avoid having an accumulation point is if they go o
to plus or minus innity. Consider any small neighborhood V around q in Q, and
let W be the tubular neighborhood 
 1
(V ) of  in M ; we pick V suciently small
that W is a standard static spacetime. For x
n
2W , the past and future null cones
from x
n
strike the side of W , so that the portion W
0
of W not timelike-related to
x
n
is relatively compact. For all m with q
m






must lie in W
0
(since N is achronal). But for jsj suciently large, s  p
m





g must be bounded. 
Thus, in particular, when M is globally hyperbolic, Q has the topology of a
Cauchy surface. Note, however, that when M is static, it does not follow that the
restspaces|the hypersurfaces perpendicular to the Killing eld|have the topology
of Q. This is because the restspaces need not, in general, be achronal (although







denotes Minkowski n-space), with Killing eld
U = d=dt+k(d=d) for some small non-zero constant k; the restspaces are spacelike
helices (topologically lines), while Q is a circle.
The stationary observer space Q comes equipped with a natural Riemannian
metric h, as shown by Geroch [5]: The spacetime metric g can be represented







 is a function on Q,  is projection to Q,  is the one-form obeying U = 1
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andKer() = U
?




is static if and only if d = 0.
WhenM is static, h is the metric coming from the projection of the restspaces to
Q. It turns out, however, that this is not quite the appropriate metric to use. For





h; call this the conformal
metric on the static observer space Q. This is the metric useful for calculating the
causal properties of M in terms of curves on Q, and it also has this nice property:
Theorem 4. Let M be a timelike or null geodesically complete, static, globally
hyperbolic spacetime. Then the static observer space Q is complete in the conformal
metric.
Proof. We rst examine the case in which M is simply connected: The spacetime










. Since (M;g) is globally hyperbolic it follows that





h. Since g is static, d = 0. Since
M is simply connected it follows that there is a globally dened scalar function  on
M such that d = . The function  measures parameter-value along the integral
curves of the Killing eld U ; since this is complete (Lemma 1), the map  :M ! R








then follows from proposition 2.54 of reference [8] that (Q;

h) is complete.
We next consider the general case: Let
~
M be the universal covering space for




M ! M the canonical projection. We need to know that we can
apply the previous paragraph to (
~
M; ~g), where ~g = p

M
g. A lemma to this eect is
in order.
Lemma 4.1. LetM be a spacetime and
~
M its universal covering space, with metric
induced from M . Then
~
M inherits all these properties from M :
1) static or stationary
2) energy conditions
3) geodesic completeness of any type
4) global hyperbolicity.
Proof of 4.1. Any vector eld onM induces a corresponding eld on
~
M ; if the rst is
Killing, so is the second, and the same goes for the integrability of the perpendicular
distributions. Any energy conditions are clearly inherited (the projection being a
local isometry), as is geodesic completeness of any type (any appropriate geodesic
segment projects to an extendible segment, and the extension lifts to an extension).




(), where p :
~
M ! M is the standard projection. Then
~
 is a Cauchy
surface for
~
M : For any inextendible timelike curve ~c in
~
M , c = p~c is an inextendible





 in exactly one point, since that is true for c and . This shows
that
~
M is also globally hyperbolic. 
(Although not needed for our purposes here, it is perhaps worth noting that the
causality, chronology, and strong causality properties are also inherited by universal
covering spaces.)





be the space of static observers in
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Q the projection; then
~
Q is
RICCI FALL-OFF IN NON-SINGULAR SPACETIMES 5
complete in the conformal metric

~


























First note that p
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Q! Q, since if ~x and ~y in
~
M lie on the
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M
 ~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Q
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from that on Q is the same as that which
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Q inherits from












applies also to the respective conformal metrics (since the conformal factor is the











Q ! Q is the
standard projection (universal covering map) of the universal covering space for Q,





h) will imply, by standard covering space arguments,
the completeness of (Q;

h). Thus, we need
Lemma 4.2. Let M be a chronological stationary spacetime with a complete Killing














Q ! Q be the








is the universal covering map
from the universal covering space for Q.
Proof of 4.2. By the results in [6], Q is a (Hausdor) manifold; since
~
M inherits
chronology, stationarity, and completeness of the Killing eld from M ,
~
Q is also a
manifold. The map p
Q
is onto (an orbit inM is mapped onto by the corresponding
orbit in
~
M) and is locally a homeomorphism (since p
M
is, and the orbit spaces
are formed analogously in the two spacetimes). Therefore, to show that p
Q
is a
covering map, all that we need is that it evenly covers small sets in Q, i.e., that for
any q 2 Q, there is a neighborhood U of q such that p
 1
Q













! U being a homeomorphism.
Given q 2 Q, pick any simply connected neighborhood U of q such that  :M !





U R. Then 
 1
(U) is simply connected
also, so it is evenly covered by p
M
(a universal covering map evenly covers an open






















In order to show each V

is open, we need to show W

is full, i.e., contains only
entire equivalence classes of points; that means that W

must contain the entire







 ~ is an orbit in M intersecting 
 1
(U). It follows that  wholly lies in

 1
(U), so ~ lies in the disjoint union of the fW

g; since these are disjoint open









g is disjoint and made up of full sets.
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)). Since  is trivial























is continuous follows automatically from the commuting diagram p
Q





is open: An open set in
~
Q is precisely ~(Z), where Z is a full open
set in
~






is an open map (being a covering
projection), p
M





up of M-orbits, i.e., it is full; therefore, (p
M
(Z)) is open in Q.
Thus, p
Q
is a covering projection. Since
~









Q is simply connected: p
Q
is the universal covering map from the
universal covering space for Q. 
This completes the proof of Theorem 4. 
It is the complete Riemannian manifold (Q;

h) that provides the proper context
to discuss the geometry of M .
3. Results
Let us now apply the energy condition. For a static spacetime the Killing vector
U is an eigenvector of R
a
b
(the linear map corresponding to Ric) (see [11]). Call
the corresponding eigenvalue  S, i.e., S = Ric(U;U)=jU j
2
. Then we have
Proposition 5. In a static spacetime obeying the null energy condition, for any
unit timelike vector T , Ric(T; T )  S.
Proof. Let V = U=jU j, the unit vector in the direction of U . Let X be any unit
spacelike vector orthogonal to V ; then V + X is a null vector. The null energy
condition then yields S +Ric(X;X)  0.
Now let T be any unit timelike vector. Then T has the form T = aV +bX where























For any point q
0




) = fq 2 Q j d(q; q
0
)  rg, where
d is the distance function from the conformal metric


















S (S can be thought
of as a function on Q). The main result of this paper is
Theorem 6. Let (M;g) be a static, globally hyperbolic, timelike or null geodesically
complete spacetime satisfying the null energy condition. Then for each point q
0
2 Q,
















Proof. Again, we rst treat the case where M is simply connected. Given q
0
2 Q,
let  be the integral curve of U corresponding to q
0
. For each r > 0 let  be a
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unit-speed maximal geodesic joining (0) to (2r). The curve  is timelike in the





h (with notation the same as in the proof of Theorem 4). Since
 measures the parameter along , it then follows that the projection of  to Q




). Going back to the spacetime metric g and using the result








). Since  is maximal it has no
conjugate points, and it has length at least 2rjU j
q
0
. Then applying the Lorentzian
















Now we consider the case whereM is not simply connected. As before, let
~
M be




M !M and ~g the induced
metric. Then, by Lemma 4.1, (
~
M; ~g) is static, globally hyperbolic, and timelike or










































h. It follows that for p
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d and d are the respective conformal distance functions (since projection by p
Q
preserves conformal lengths of curves). For any q
0











































S(~q), and d(q; q
o







Since Q is complete in the conformal metric, we can always nd a direction|
that is to say, a geodesic emanating from q
0
|such that, along that direction, S
actually goes down at least as fast as K=r
2
.
None of what we have done presupposes that S is actually positive, though the
conclusion is vacuous if S is anywhere non-positive, once r is large enough for B
r
to contain any such point. If we assume positivity of S, we obtain a restriction on
the spacelike topology:
Corollary 7. Let M be a static, globally hyperbolic, timelike or null geodesically
complete spacetime satisfying the energy condition that Ric(T; T ) > 0 for all time-
like vectors T . Then the static observer space Q is not compact.





for all r; this implies inf
Q
S  0. On the other hand, S = Ric(U;U)=jU j
2
is positive at all points of Q, so if Q were compact, S would have to have a positive
inmum. 
4. Discussion
We expect some result along the lines that in order to avoid gravitational collapse,
spacetime must not contain \too much matter." This naive expectation is made
more precise by noting that global hyperbolicity and geodesic completeness put
constraints on the Ricci tensor, specically, on Ric(T; T ) where T is the unit tangent
vector to a maximal timelike geodesic segment: This component of Ric is obliged,
somewhere along any such geodesic segment, to be less than an inverse-quadratic
function of the length of the segment.
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The specic form of the results we have obtained depends upon the spacetime
being foliated by a system of \canonical" oberservers, with measurement being
made with respect to this canonical observer space. For any such foliated spacetime,
if there are sucient completeness conditions to assure that there is a maximal
geodesic between any pair of points on each observer orbit, and that the observer
orbits are innitely long, then we will be able to conclude that there will be points
of small Ricci-value associated with each observer. The diculty comes in nding
a geometric framework for these points. In physical terms, what is wanted is this:
Given two events on the worldline of a base-point canonical observer, consider an
arbitrary observer moving from one event to the other one; we need to be able
to say how far that observer can wander in the canonical observer space. If we
can place a bound on that wandering, in terms of the proper time between those
two events, then we can say that the place of small Ricci-value associated to the
maximal geodesic between those events occurs (in the canonical observer space)
within that bound from the base-point.
In this paper we have considered static spacetimes, largely because we can then
easily bound the wandering of an arbitary observer between events on the world-
line of a static observer. Even a generalization to stationary spacetimes becomes
problematical due to the diculty of nding such a bound.
From the conditions used in theorem 6 one might have hoped for a stronger
bound on the behavior of the Ricci tensor. We have placed bounds on only one
component of Ric. Furthermore we have shown only that that component must fall
o in one direction rather than in all directions. We now consider two examples
that show that stronger bounds of this sort do not apply. First consider the Einstein











is the metric of the unit three-sphere. This spacetime is a homogeneous,
isotropic, and static universe with Killing eld U = d=dt. The matter in this
universe is dust and a cosmological constant. The Einstein Static Universe satises
all the hypotheses of Theorem 6; it also satisesRic(U;U) = 0, i.e., S = 0. However,
Ric(X;X) = 2=a
2
for any unit vector X orthogonal to U . Thus S vanishes, but
the other components of Ric do not fall o at all.


























is a constant. This spacetime is a static, cylindrically
symmetric solution of the Einstein-Maxwell equations. It represents an innitely
long tube of magnetic ux held together by its own gravity. The constant b
0
is the
value of the magnetic eld on the axis. Melvin's Magnetic Universe satises all of















). Straightforward calculation shows





and that, with q
0














We see that S
r
falls o at an appropriate rate in r, but that S falls o only as
 goes to innity and is independent of position along the cylindrical axis (the z
direction). Thus spacetimes satisfying the hypotheses of Theorem 6 need not have
S falling o in all directions.
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